We present a general procedure for incorporating higher-order information into the scale-setting prescription of Brodsky, Lepage and Mackenzie. In particular, we show how to apply this prescription when the leading coefficient or coefficients in a series in the strong coupling αs are anomalously small and the original prescription can give an unphysical scale. We give a general method for computing an optimum scale numerically, within dimensional regularization, and in cases when the coefficients of a series are known. We apply it to the heavy quark mass and energy renormalization in lattice NRQCD, and to a variety of known series. Among the latter, we find significant corrections to the scales for the ratio of e + e − to hadrons over muons, the ratio of the quark pole to MS mass, the semi-leptonic B-meson decay width, and the top decay width. Scales for the latter two decay widths, expressed in terms of MS masses, increase by factors of five and thirteen, respectively, substantially reducing the size of radiative corrections.
Introduction
QCD processes computed to a finite order in perturbation theory depend on both the choice of renormalization scheme and the scale for the running coupling constant α s (q). In particular, changes in the scale induce variations at the first neglected order. While these variations diminish as higher orders are included, for low-order calculations they can be significant, particularly for processes sensitive to relatively low scales. Finding an optimum, physically motivated method for choosing this scale in such cases is important not only to produce accurate results, but also to reasonably estimate convergence based on the size of the series terms. Such a method allows a meaningful prediction or comparison with data even at leading order.
A variety of procedures have been proposed to select this scale [1] - [17] . In this paper, we investigate the prescription of Brodsky, Lepage and Mackenzie (BLM) [4] . In this method, one chooses the scale q * for α s (q * ) which approximates the use of the fully dressed gluon propagator within that process. The choice is equivalent to determining the dominant momentum flowing through the propagator within a diagram [13, 16] . It has been applied successfully in a large variety of perturbative calculations. Among these, it was essential in demonstrating the viability of lattice perturbation theory [13] , and in extracting a precise value of α s from lattice simulations of the Υ and ψ systems [18, 19] .
In this paper, we generalize the prescription to remedy an anomaly observed in a variety of applications, particularly apparent when determining the scale over a range of parameters in the action. The NRQCD mass and energy renormalizations presented in Sect. 9.2 are typical examples. In most of these cases, for some value of the bare quark mass, the BLM scale diverges. We show that this breakdown is not a flaw in the general prescription, but rather the result of employing only a single vacuum-polarization insertion to estimate the typical momentum. While we focus on setting the scale for one-loop diagrams, we use information from two-loop and higher insertions within these diagrams to provide a simple generalization which accurately estimates the scale over the full range of parameters. It is straightforward to implement for both analytic and numerical computations, requiring only a modest extension beyond the leading order determination. For both computations, one obtains the additional information required from one higher moment in log(q 2 ) within the same diagram as was used in the lowest order application. For processes where the series coefficients are known, it requires only identifying the coefficient from vacuum polarization at the next order.
We note that other authors have developed a variety of extensions to Ref. [4] , which explore conformal symmetry and the relation between various perturbative schemes [9, 10, 11] , or which estimate nonperturbative contributions and resum classes of diagrams to all orders [14, 16] . Our goal is more modest: to provide a simple but robust scale determination for a process calculated to finite order. Specifically, we choose a single optimized scale for the leading, one-loop diagram, to be used for all orders. We show, however, that our prescription should effectively absorb into the leading term or terms the bulk of contribu-tions from all higher order diagrams which dress the leading gluon.
General prescription
Following Refs. [4, 13] , we choose the V scheme based on the static-quark potential because of the direct connection between the scale of its coupling α V and the momentum flowing through its associated gluon. For a one-loop diagram with an integrand f (q) which contributes predominantly at large q, a natural choice for the scale q * of α V is a mean value which reproduces the result of a fully dressed gluon within the diagram [4, 13] ,
as illustrated in Fig. 1 . However, α V (q) possesses a pole at Λ V , an artifact of an all-orders summation of perturbative logarithms. We avoid this singularity by truncating the series for α V (q) at a finite order, as is appropriate for an asymptotic series. Expanding α V (q) in terms of α V (q * )
α V (q) = α V (q * ) 1 + α V (q * )β 0 log(q 2 /q * 2 ) ∼ α V (q * ) − α 2 V (q * )β 0 log(q 2 /q * 2 ) + · · · (2) and solving to first nontrivial order gives [13] , log(q
a statement of this prescription suited for numerical calculations. Here
and indicates an average weighted by f (q). By the definition of α V , Eq. (3) guarantees that α V (q * ) absorbs the effect of second-order vacuum polarization insertions in the gluon's propagator. An alternate method to determine q * is then to require that β 0 , or equivalently n f , disappears to that order [4] . This version is useful when the β 0 or n f dependence of coefficients in a perturbative expansion are known explicitly. We discuss this in more detail in Sect. 5.
Eq. (3) produces an optimum scale by means of an average of log(q 2 ) weighted by f (q). As such, it provides a measure of the typical momentum carried by this gluon in the dominant integration region, in accord with intuition. However, in certain cases f vanishes, rendering q * from Eq. (3) meaningless. This is a consequence of using an expression first-order in α V (q * ) for a process which is properly second-order, rather than a flaw in the general prescription. When f vanishes, the diagram on the left in Fig. 1 does not contribute. The leading contribution from this gluon is second order, and the requirement that q * be chosen to best approximate the all-order result leads to the equation illustrated in Fig. 2 . For an integrand dominated by large momentum, the left side of Eq. (1) is replaced by
as is known from the running of α V (q). Expanding α V (q) as in Eq. (2) yields
This, rather than Eq. (3), is the appropriate statement of the prescription for this case. As a simple illustration, consider a model in one dimension in which the Feynman diagram produces an integrand
with positive q a and q b . A reasonable expectation would be that q * should be some average of the contributing scales q a and q b , particularly if they are nearby. Because f vanishes identically, Eq. (3) produces a divergent q * , whereas Eq. (6), which begins with the next order contribution, gives for q * the more reasonable geometric mean
This is the same scale obtained by Eq. (3) applied to the positive integrand
as might be expected. In other cases, while not strictly vanishing, f may be anomalously small, and the dominant contribution from this gluon is still as in Fig. 2 . It is useful to generalize the lowest order prescription of Eq. (3) to incorporate both these cases naturally, and also to anticipate the situation where f log(q 2 ) is anomalously small.
The discrepancy between the left and right sides of Eq. (1) relative to the lowest order term α V (q
Applying Eq. (3) leaves a leading difference of
with σ the standard deviation of log(q 2 ) with respect to the weight f (q)/ f . When f (q) does not change sign, f (q)/ f and σ 2 are both positive. When f (q)
The BLM prescription for fixing the optimum scale q * to leading order in α s (q * ).
The BLM prescription applied to a process for which a gluon contributes first at order α 2 s (q * ). The insertion on the left side represents vacuum polarization from both quarks and gluons. changes sign and f is anomalously small due to cancellations, this error can become arbitrarily large, indicating that treating this as a first order process is invalid and it is useful to incorporate information from the next order.
Matching the gluon's contribution to next order to the fully dressed gluon, as in Fig. 3 , adds the term in Eq. (5) to the left side of Eq. (1). Expanding both sides in terms of α V (q * ) as before leads to a leading relative difference of
When f (q)/ f is positive for all q, this discrepancy is also strictly positive, and the best that can be done is to choose q * to minimize it. The result of minimization is again just Eq. (3). This will also clearly be the case when f (q) changes sign in some small region without significant cancellations. The leading error is then the same as in Eq. (11) .
However, when f (q) possesses significant sign changes, the error in Eq. (12) can become negative for certain values of log(q * 2 ), and minimization is not appropriate. In this case, it is possible to eliminate the difference altogether by
The BLM prescription applied to second order in α s (q * ). The insertion on the left side represents vacuum polarization from both quarks and gluons.
choosing one of the two solutions
When the logarithmic moments are available over a range of parameters, requiring that q * be continuous and physically sensible makes the proper choice apparent, as will be observed below. In particular, when f is nearly zero, this requires choosing the sign opposite to that of log(q 2 ) . In every case we have considered, the choice has been obvious. However, if the need arises, one may resolve the sign unambiguously by using information from higher moments, as discussed in Sect. 7.
Were f (q) a probability distribution, σ would be its standard deviation. A negative value for σ 2 indicates that f (q)/ f has substantial changes of sign and is behaving significantly unlike a probability distribution. In this case, f will be anomalously small, the order α 2 V (q * ) contribution becomes important, and Eq. (13) provides the appropriate choice of scale. As a result, Eq. (13) determines q * when σ 2 is negative, Eq. (3) when positive. This prescription is the main result of this paper.
Although Eq. (13) uses information from part of the next order, it is the appropriate scale to use when σ 2 is negative, even if only computing to first order in α V (q * ). In that case, in addition to setting the scale for the leading term, it allows for a reasonable estimate of the magnitude of the neglected nextorder terms, based on α
When f is very small, these neglected terms should give a sizable correction to the first-order term. And when one computes to order α 2 V (q * ) or higher using this scale, higher-order terms which dress the leading gluon should be small, having been largely absorbed into the first two, as in Fig. 3 . As an illustration, we consider a slightly more general version of the model of Eq. (7),
where f vanishes exactly for c = 0, and has partial cancellation for c > −1. Figure 4 presents the scale q * determined by Eq. (3) when σ 2 > 0 and by Eq. (13) when σ 2 < 0; that is, when c > −1. For c < −1, with no cancellations, Eq. (3) produces reasonable values for q * . It falls between q a and q b , approaching q a for |c| large, and q b for c = −1. As c approaches zero and f vanishes, q * from this prescription diverges. However, for c > −1, σ 2 is negative, and Eq. (13) provides the optimum scale. It evidently behaves according to expectations. Even for the case when c is large and positive and Eq. (3) produces a fairly sensible result, it overestimates q * and Eq. (13) is preferable. To summarize, we restate the prescription in a more compact form. We have chosen inclusion of the running coupling within the integrand for a first-order diagram, d 4 q α V (q) f (q), as a natural means to account for the running of the coupling with the gluon's momentum. It has the advantage that it incorporates higher-order diagrams which dress the gluon, has no arbitrary scale dependence, and appropriately accounts for the strength of the coupling of a gluon with momentum q.
It has the disadvantage that α V (q) has an unphysical pole at q = Λ V , making the integrand ill-defined. We avoid this by expanding α V (q) at the scale q * as in Eq. (2) , and working to finite order in α V (q * ), giving V (q * ), which this choice for q * minimizes. Furthermore, as q * will be near the typical q, f (q) will be roughly even about q * , and higherorder contributions should be either near zero or their minimum depending on whether they are even or odd in α V (q * ). However, when f (q) is essentially odd about some q and so suffers from significant cancellations, this is not an appropriate prescription. The leading term in Eq. (15) will be anomalously small compared to the second term; in extreme cases, it might even vanish, and it would no longer make sense to absorb the second term into the leading term. Furthermore, the scale from Eq. (3) would no longer accurately represent the typical momentum, and neglected higher order terms in Eq. (15) would be anomalously large. It is, however, possible and sensible to require the third term to vanish by Eq. (6); that is, to absorb it into the second. This again provides a typical scale about which, in this case, f (q) is essentially odd, minimizes the fourth-order term, and suppresses higher-order terms.
Schemes other than V
For prescriptions other than α V , vacuum polarization insertions will in general contribute subleading constants in addition to terms as in Eq. (5). Though nonleading, these constants can make significant contributions at physically interesting values of q 2 , and so the optimum scale ought to be chosen to account for them as well. One method for doing so is to focus on the fermion loop [4] . Both the log(q 2 ) and the subleading constant will appear multiplied by n f . Replacing n f with β 0 using Eq. (4) modifies the fermion loop contribution by a constant, to
When applying the first-order prescription, amending Eq. (3) to
absorbs both the leading log and subleading constant into α s (q * ). For MS, a = −5/3 [20] - [23] , resulting in the shift in scale [4] 
As with α V , this also absorbs the log associated with gluon vacuum polarization, since β 0 determines its contribution relative to the fermion loop. However, the gluonic subleading constant need not contribute in this ratio, and so will not also be completely absorbed. One might choose instead to completely absorb the gluonic constant by solving Eq. (4) for the adjoint Casimir constant C A = N associated with the gluon loop in terms of β 0 , before absorbing the β 0 term into α s (q * ). This would be particularly appropriate when n f = 0, for example. For MS, the result is a factor of exp(−31/66) = 0.63, not greatly different from Eq. (18) . This indicates that to one loop, absorbing the fermion loop constant also largely accounts for the gluonic constant.
When applying the second-order prescription, a constant subleading contribution leads to the same shift in Eq. (13) as in Eq. (17), with
The second term on the right is invariant under a shift in log(q 2 ) by a constant, and so remains unaffected.
Because the V scheme associates gluon exchange with a physical process at the specific scale q * 2 , higher order contributions associated with the running of α V must vanish identically when the gluon's momentum hits q * 2 . As a result, logarithmic contributions log(q 2 /q * 2 ) from these diagrams appear without subleading constants.
Determining q * in MS
In order to provide a more realistic example, and to show how this prescription can be applied simply when using dimensional regularization, we determine q * for the one-loop gφ 3 diagram of Fig. 5 . While we use this as a simplified model for a quark self-energy diagram, we also note that this scale setting method is not restricted to QCD.
By introducing an additional denominator of the form (q 2 ) δ into this diagram in n-dimensional Euclidean space,
and expanding the result in δ to second order, we produce the necessary logarithmic integrals:
(Note that Refs. [24, 14] present a different and elegant technique for extracting these logarithmic moments based on a simple dispersion sum over a fictional gluon mass.) We evaluate Eq. (20) using standard methods and obtain
where x and y are the usual Feynman parameters, ǫ ≡ (4 − n)/2, µ is introduced to keep g dimensionless, and
The integration region y ∼ 0 produces a 1/δ singularity. Partial integration of y δ−1 makes this explicit, and allows us to expand in δ under the integral. Keeping terms in 1/ǫ to order zero and comparing to Eq. (21) gives
In the above, we have dropped the overall factors g 2 /(4π) 2 , which are here irrelevant, and substituted e γ µ 2 /4π for µ 2 . The latter greatly simplifies these expressions and allows us to apply the MS prescription by subtracting the ǫ poles alone, as one would for MS.
To renormalize these terms, we note that the log(q 2 ) and log 2 (q 2 ) factors integrated within this one-loop diagram stand in for the large-momentum contributions of the first two higher-order vacuum polarization subdiagrams which sum to form the running coupling. In particular, as these factors are finite, they represent these subdiagrams with their subdivergences already removed. For example, the factor log(q 2 ), which appears in the integrand which produced Eq. (25), comes from the large-momentum approximation to the MSrenormalized one-loop vacuum polarization diagram; that is, to Eq. (24) without the pole. The poles in ǫ which remain in Eqs. (24) to (26) are then the new overall divergences associated with one, two and three loops, respectively. In the MS prescription these are simply discarded.
Finally, we note that Eq. (24) in this model is the one-loop vacuum polarization diagram in addition to being the particle's self-energy. At large p 2 , it is approximately log(p 2 /µ 2 ) − 2, including the subleading constant. The constant a in Eq. (17) is then −2, and the MS value for q * will differ by a factor exp(−1) from the expression for q * in the V scheme. While Eqs. (24) to (26) allow us to determine q * for any p and m, it is illuminating to consider two limits. When p 2 ≫ m 2 , after renormalization and choosing
to leading order in m 2 /p 2 . These give
or numerically, σ 2 = .6077. The lowest order solution is then appropriate and yields a value for q * close to p, with
which corresponds to a value of exp(−π 2 /48) = .8141 in the V scheme. We can use σ to give a measure of the relative spread in the momenta which contribute to this diagram, with ∆q/q ≈ σ/2 = .3898 ,
independent of the prescription. In general, when p 2 ≫ m 2 but for µ 2 arbitrary, q * ∼ √ pµ. This is the same result as Eq. (8), and reasonable for a diagram dominated by momenta between these two scales.
In the large mass limit m ≫ p, with µ 2 chosen to equal the natural scale m 2 , we find
to order p 2 /m 2 . Clearly in this limit f (q) becomes anomalously small, and we expect the second order solution to be necessary. We confirm this by noting that to this order
which is negative in this limit. The second order formula applies, and gives
For the V scheme, the leading −2 in Eq. (37) is absent, and
Fig . 6 and Fig. 7 display q * as a function of p for the respective cases where µ = p and µ = m. The limiting values discussed above are evident. For µ = p, the first-order solution determines q * in both the large and small p regions, connected by the second-order solution in the interim. Immediately to the right of the point where the first-order solution diverges in Fig. 6 , indicated by the vertical line, the second-order solution with positive root determines q * ; to the left, the second-order negative root applies. For µ = m (Fig. 7) , the first-order solution applies for large p, the negative root second-order solution for small p. In both cases, use of the appropriate second order solution where applicable gives a meaningful and continuous value for q * over the entire region in p. Which second-order solution to choose from Eq. (13) is obvious.
Finally, we note that computing higher order average logs for this diagram requires only expanding Eq. (22) to higher orders in δ, without the need to compute additional diagrams. 5 Determining q * from a known series
To apply this prescription we need the first two logarithmic moments within the integrand associated with a gluon's propagator. Under certain conditions, we may apply this prescription to set the scale for a process for which the expansion is already known by examining its n f dependence. At each order of α V (µ), the contribution from vacuum polarization will give the largest power of n f , or equivalently, of β 0 [14, 16, 10] . It is therefore possible to read off the logarithmic integrals directly from the series coefficients. Using Eq. (4) to replace the largest-n f terms with β 0 in contributions associated with a particular gluon, we obtain a series of the form
The coefficients c n are then associated with vacuum insertions in the gluon propagator. Comparison with the right sides of Eqs. (1) and (2) gives
which holds when f (q) contributes predominantly at large q. Given this association, the prescription to second order is
when the argument of the square root is positive, and
otherwise. For schemes other than V , the presence of a subleading constant a contribution to fermion vacuum polarization leads to the identification
Because c 1 includes a and the square root is insensitive to it, Eq. (43) and Eq. (42) automatically incorporate the shift in Eq. (17) and so may be used unchanged. Also, if one is able to identify in the series the constants C A associated with gluonic vacuum polarization, one could choose to use this instead to rewrite the series in terms of β 0 . Eq. (43) and Eq. (42) would then automatically absorb the subleading gluonic constant, as discussed at the end of Sect. 2.
Combining series
Determining the scale for the series formed by multiplying two series,
and
with known scales is straightforward when considering only first-order scale setting:
with log(q * 2
Because of the need to first test the sign of the new σ 2 ab , the prescription for applying second-order scale setting is slightly more involved. In that case,
As usual, if σ 2 ab > 0, the first order combination log(q * 2
applies. If σ
When combining two series by division, F a/b ≡ F a /F b , the first-order coefficients subtract rather than add. The above formulas again apply, but with the replacement c b → −c b . These also apply to series combined by addition and subtraction, respectively, because the results at first order are equivalent.
For schemes other than V , one should amend the average logs to include the subleading constants, as discussed in Sect. 3. The relation between the scale in V and in other schemes remains the same.
Higher orders
Extending this prescription beyond second order is relatively straightforward, though it requires computation of log 3 (q 2 ) and higher moments, or information from third-order and higher terms in a known series. An extension to third order, for example, would be necessary should both f and f log(q 2 ) vanish, making the third term in Eq. (15) the leading term. Absorbing the subsequent term by requiring f log 3 (q 2 /q * 2 ) to vanish would give
as one would also obtain from Fig. 2 with two loops on the left side. When f and f log(q 2 ) are not identically zero but are anomalously small relative to higher moments, requiring f log 3 (q 2 /q * 2 ) to vanish still gives the appropriate scale. A symptom that this is the case would be a third-order scale near Eq. (52) which shifts significantly the scale obtained at lower order, and which is more in line with physical expectations. If available, higher even moments near their minima or odd moments near zero at this scale would confirm it.
An order-n equation is necessary to set q * only when all of the first (n − 2) moments vanish or are anomalously small. It would be unusual for a generic integrand f (q) to be effectively orthogonal to more than a few powers of log(q 2 ), and so the need to use a high-order equation should be rare. We have found no realistic cases for which either Eqs. (3) or (13) were not sufficient.
In Fig. 8 we illustrate the appropriate scales for a model,
contrived such that both f and f log(q 2 ) vanish at c = 0. The secondand third-order solutions behave as expected where appropriate; the first-order solution, while not divergent, is low throughout. The unphysical behavior of the first-order solution, as well as the significant discrepancy between first-and third-order scales indicate that the first-order result is inadequate.
Note the one-and two-node structures of the integrand f (q) in the two-and three-delta models of Eq. (14) and Eq. (53), similar to generic first and second excited-state wavefunctions. This is the result of choosing f (q) to be orthogonal to the zeroth, and to both the zeroth and first powers of log(q 2 ), respectively. Integrands requiring higher-order equations would necessarily have more nodes and additional detailed structure.
In general, higher-order solutions can confirm that a scale determined at a lower order is indeed typical. For example, in Fig. 9 we include the third order solution for the Eq. (14) model; where applicable, it does not differ significantly from the first-order result. This will also be apparent when we examine higher moments for certain processes in Sect. 9.
Thus far, for simplicity, we have restricted our discussion to contributions to α V (q) from one loop vacuum polarization. We show here that the above expressions for q * are not limited to these. Specifically, including subleading contributions to α V (q) expanded within a diagram as in Eq. (15) gives Here
and we have defined the moments
We see from Eq. (55) that the reasoning which led to the prescriptions in Eq. (3) and Eq. (13) was not dependent on the leading-log approximation to α V (q): the diagrams in each new set introduced by increasing the order of the leading-log approximation have as coefficients the same sequence of moments ∆ n as in the leading approximation. For non-anomalous cases, requiring ∆ 1 to vanish via Eq. (3) absorbs the first leading-log correction, proportional to β 0 ∆ 1 , into the first term. It also absorbs the first next-to-leading log contribution, proportional to β 1 ∆ 1 , and so on for each logarithmic order. And in each order, it leaves a leading discrepancy proportional to the moment ∆ 2 , which is minimized by Eq. (3). Insofar as this q * represents the typical momentum carried by this gluon, higher-order terms proportional to higher moments should be suppressed. As a result, the first term α V (q * ) f , with the choice of a single scale for q * , should do reasonably well at approximating the right side of Eq. (1) regardless of the number of loops kept in the β function for α V (q). When f vanishes or is anomalously small, it is inappropriate to absorb the leading correction at each logarithmic order into the vanishing or small first term. In this case Eq. (13) gives the appropriate scale. It causes ∆ 2 to vanish, and so absorbs the second correction at each logarithmic order into the set of leading corrections. Again, because Eq. (13) produces a typical scale, higher-order terms should be small. This illustrates one of the advantages of using a coupling based on a physical process, such as α V . For other schemes, there can be significant subleading constants associated with the diagrams which dress the gluon, not accounted for in the running coupling. These will appear, for example, in the coefficients associated with the leading log term at each order n; that is, with β n−1 0 , as
and one may absorb them by adjusting the scale. However, only one such constant can be absorbed in this manner; parts of those associated with β 1 and higher will remain. By its definition, these constants cannot appear for α V , and α V (q * ) well represents the strength of a physical gluon at the scale q * . This optimum choice of scale minimizes all coefficients associated with dressing the gluon, not just those associated with β 0 .
Improving convergence
Thus far we have been considering the appropriate scale q * for the leading α V . For the sake of simplicity, we will be content to optimize the scale for the leading term, and will use the same scale for higher-order diagrams. From the previous discussion, it is clear that this will be a reasonable scale for diagrams which dress the leading-order gluon; these contributions should be small, having been largely absorbed into the leading term or terms. There is no reason to believe, however, that it will be the best scale for other higher-order diagrams, and it should certainly be possible to improve the convergence of the series by choosing the scale for such diagrams separately [4, 10] .
There are other cases for which it could prove advantageous to allow different scales at different orders, for different diagrams within the same order, or even within a single diagram. Returning to the simple and unexceptional model of Eq. (9), for which the first-order scale setting Eq. (3) gives Eq. (8), we note that the moments
become zero for n odd, and log n (q a /q b ) for n even. The latter grow in magnitude when the q a is a few times greater than q b . As these are proportional to the coefficients of terms which dress the gluon, terms in the series become ≈ 1 when this range q a /q b exceeds a few over α s . The series becomes badly behaved then not only when the scale for α s is low, but also when the range of important momenta is large [14, 16] .
Nevertheless, in this simple case the remedy is obvious. The problem results from requiring α s at a single scale to incorporate two widely different scales. Separating these and writing the series for this model in terms of both α s (q a ) and α s (q b ) incorporates vacuum polarization contributions exactly and causes higher moments to vanish. This reinforces the idea that for a series in which gluons from different diagrams occur in loops sensitive to significantly different momenta, allowing the α s associated with each to have its own scale could improve the series' convergence. Furthermore, for a series in which a gluon in a single diagram is sensitive to a wide range of momenta one might even consider improving its behavior by splitting up the integrand, with α s at a different scale assigned to each region, as in the example above.
Even for diagrams which dress a specific gluon, it is possible to minimize higher moments by allowing the scale associated with these diagrams to differ at different orders. In particular, one may select the scale at every other order such that the following moment vanishes, and the next is minimized. Variations in the scale would account for the different regions the moments probe in the integrand.
We will not pursue this further here, but mention that care must be taken to preserve gauge invariance if separate scales are assigned to different parts of a series.
Applications

Known series
In Table 1 we present a collection of results for perturbative quantities for which at least the second logarithmic moment is available, allowing us to apply scale setting beyond lowest order. Ref. [10] presents a useful compilation and discussion of many of these. These include the log of the 1 × 1 Wilson loop in lattice QCD (− log W 11 ) [13, 25] , the ratio of e + e − goes to hadrons over muons (R e + e − ) [26] - [30] , the ratio of the quark pole mass to its MS mass (M/M ) [31] - [36] and [14, 16] , the ratio of τ goes to ν τ + hadrons over τ goes to ν τ e − ν e (R τ ) [37] - [42] and [29, 30, 15] , the semileptonic B-meson decay width (Γ(B → X u eν)) [43] - [50] expressed both in terms of the pole and MS b-quark masses, the top quark decay width (Γ(t → bW )) [51] - [56] and [24, 46, 14] in terms of its pole and MS masses, the Bjorken sum rules for polarized electroproduction ( [57] - [62] , and deeply inelastic neutrino-nucleon scattering ( [63] - [66] , and the static quark potential (V (Q 2 )) [20] - [23] and [67] - [68] . We note that the non-singlet part of the Ellis-Jaffe sum rule [69] - [72] and [62] gives the same scale as the former Bjorken sum rule, the Gross-Llewellyn Smith sum rule [73, 64, 61, 62] the same scale as the latter.
All but the first scales are from known MS series, and for these at least the fermion vacuum polarization graphs must be given to two loops. In several cases higher logarithmic moments are known, which will allow us to test the consistency of the procedure. We find four cases where the second-order formula gives the preferred scale. When the first-order solution is appropriate, the second moment gives a rough measure of the range in momenta which flow through the gluon, with
Here, ∆q is the standard deviation in q and ∆ 2 is defined in Eq. (58) . A large range results in large coefficients at higher orders, as discussed above. When the second-order scale is appropriate, Eq. (61) clearly is not. However, if higher moments are available, we may estimate this range using
with n odd. In Table 1 , we use n = 1. This expression gives the standard deviation in a distribution modelled by a Gaussian times log(q * 2 ) − log(q 2 ) n to render it odd. We found it to give reasonably consistent results for various n when applied to several examples discussed below, though other measures are certainly possible.
For R e + e − , M/M , and both Γ(B → X u eν) and Γ(t → bW ) expressed in terms of MS masses, we find that the second-order scale is appropriate, leading to significant corrections to the anomalously low first-order scales, especially in the latter three. While the new scale for M/M is significantly increased, we note that ∆q/q is still relatively large, indicating sensitivity to low-momentum scales even when M is large, and threatening a poorly behaved series. This apparently infects the b and t decay rates when expressed in terms of pole masses, as shown by their low scales. By contrast, MS masses behave more as bare masses, being sensitive to short distances; expressing the two decays in terms of these significantly improves their behavior [55, 74, 24, 14, 15] . This is clear from both their scales and widths. Both these series should be wellbehaved, and well-represented by α s at a single, physically reasonable scale. But it is necessary to use second-order scale setting to see this; the first-order q * for each indicates a scale which is misleadingly low. Refs. [14, 15, 47] provide very useful values for fermion vacuum polarization contributions, and therefore logarithmic moments, computed to eighth order for the pole to MS ratio, τ , B and t decays. These allow us to compute their ∆q's using Eq. (62), but more importantly, to confirm the general picture as discussed in Sect. 7. In Fig. 10 we use this information to display the first eight moments log(q * 2
MS
) − log(q 2 ) n 1/n as functions of log(q * 2 ) to set the second moment to zero using Eq. (13) not only removes it and minimizes the third moment, it also sets all of the higher moments near their minima or zeros. It is clear that this is the natural scale for this process, and that terms beyond second order which dress the leading gluon should be small. The first moment is clearly anomalous, and setting it to zero using Eq. (3) would evidently lead to large higher-order corrections. In general, we expect f (q) to be either roughly even or odd about its typical scale q * , and the sign of the second moment, σ 2 , should distinguish the two. For ∆q sufficiently small, using Eq. (3) or Eq. (13) depending on the sign of σ 2 should give reasonable values except in very rare cases. The picture for M/M , Fig. 11 , is similar. While choosing the second order scale is more appropriate than first, causing the second moment to vanish and minimizing the third, the zeros and minima of higher moments drift progressively lower. Such behavior is anticipated by the relatively large value of ∆q/q, which indicates a wide range of contributing momenta. In this case, higher moments are increasingly sensitive to lower q, and the corresponding coefficients will progressively increase. We might improve the convergence of the series by methods discussed in Sect. 8. For example, choosing q * separately at each odd order in α s , causing the following even moment to vanish and miminizing the subsequent odd moment, with each q * indicating the characteristic scale for that moment. An alternative is to resum the entire set of polarization diagrams [14, 16] . Regardless, the ability to detect sensitivity to a large range of momenta, in addition to the scale itself, by computing the first few logarithmic moments is sufficient to warn of large higher order corrections. In this case, it suggests using M rather than M in expressions for b and t decays.
Quark mass and energy renormalization in lattice NRQCD
Lattice Nonrelativistic QCD (NRQCD) is an effective field theory designed to reproduce the results of continuum QCD for a heavy quark at energies small relative to its mass [75, 76, 77] . Higher-dimensional operators provide systematic corrections ordered by quark velocity v and lattice spacing a, and account for radiative processes above the cutoff, typically around the mass. For a cutoff much larger than Λ QCD , lattice perturbation theory should give reliable values for the coefficients of these operators as well as the renormalization factors which connect bare to physical quantities. Ref. [13] demonstrates that this expectation is valid, provided one uses a renormalized rather than bare coupling constant, and divides link gauge fields by their mean value to remove large tadpole contributions peculiar to the lattice.
Refs. [78] to [80] present calculations of two of these quantities to first order in α s : the renormalization factor Z m , which connects the bare lattice heavy quark mass to its pole mass, and E 0 , the shift from zero of the nonrelativistic energy of a heavy quark at rest. Ref. [80] , using an action improved to O(v 2 ) and O(a 2 ), and to O(v 4 ) for spin-dependent interactions, found that first-order scale setting produced anomalous results for certain values of the bare mass, particularly after tadpole improvement.
In Tables 2 to 5 and Figures 12 to 15 , we present new values for the scale for a variety of bare quark masses M 0 , both with and without tadpole improvement. By applying Eq. (13) in regions where appropriate, we obtain a reasonable scale for all values of M 0 , correcting the anomalies observed in Ref. [80] . As expected, there is a significant reduction in the scale after tadpole improvement. The tadpole contributions to these renormalizations are quadratically divergent in the inverse lattice spacing, and so are generally large and sensitive to large momenta. Tadpole improvement is designed to remove the bulk of these contributions, and so reduces the typical scale from 2 -4 to 0.5 -1.5 in units of the inverse lattice spacing a.
Conclusions
In this paper we have derived a method which incorporates information from higher orders into the general prescription of Ref. [4] for choosing the optimal scale q * for the strong coupling constant α s . We find that it corrects erroneous scales where the leading term or terms are anomalously small.
The extended prescription states that Eq. (13) determines the optimal scale q * when the argument of the square root is positive. When it is not, the first gives the preferred scale by Eq. (13) where appropriate. The parameter n is set to ensure the stability of heavy quark propagator evolution in simulations [76] . (13) where appropriate. The parameter n is set to ensure the stability of heavy quark propagator evolution in simulations [76] . (13) where appropriate. The parameter n is set to ensure the stability of heavy quark propagator evolution in simulations [76] . (13) where appropriate. The parameter n is set to ensure the stability of heavy quark propagator evolution in simulations [76] .
order formula in Eq. (3) applies. The choice of sign for the second-order solution should be apparent either from continuity, or by checking that the solution minimizes the next higher (cubic) moment in Eq. (55) if it is available. In addition, higher moments give a measure of the range ∆q of momenta which flow through the gluon, and can confirm that the q * chosen in either case is indeed typical. Large values for the relative range ∆q/q can indicate large higher-order contributions even when q * is large. Our second-order prescription has several advantages. It requires a simple extension to the calculation, either numeric and analytic, needed to implement the first-order prescription, requiring only computation of an additional logarithmic moment. Calculation of higher moments can then help to further characterize the diagram and confirm the scale choice. It can also identify cases where the first two terms are anomalously small, though such cases are apparently rare. It is appropriate regardless of the number of loops included in the running coupling, and is not limited to the strong interactions. Finally, it remedies erroneous scales in a variety of processes.
